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Abstract—The performance of hypercomplex adaptive filters
has been widely experimented during the last decade. Quaternion
filters, especially, have been utilized in systems where the signals
to be processed have some form of correlation. However, besides
correlation, some resolved explanation about what particular
algebra to use in a certain context has not been provided, yet. This
work tries to contribute in this direction by proposing an
experiment that puts filters to the test with changing the input
signal geometry. The tests presented in this paper take place in
acoustic environment and show how a proper sound space
transformation, along with the choice of the mathematical format
for processing, can improve a filter performance.
Keywords—Ambisonics; Coincident arrays; Hypercomplex;
Multidimensional Signal Processing; Quaternions; Spaced arrays;
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I. INTRODUCTION
The captivating side of hypercomplex algebras attracted
scientists and encouraged the world of research to uncover the
environments and the circumstances in which the application of
hypercomplex numbers finds fertile ground. After the initial
definition of these new numerical systems [1–
4] a wave of study touched physics and the description of
classical problems [5]. The simplest mathematical objects after
complex numbers are quaternions [1]. The compact formalism
provided by quaternion maths achieved resounding success and
many 3-D problems in physics and their laws were reformulated
in a quaternion fashion, e.g. Maxwell’s equations of
electromagnetism [6], Newton’s laws of motion [7], gravity [8],
quantum mechanics and the electron wave theory [9], etc. The
new formalism surely simplified the expression and the
divulgation of many scientific theories among insiders.
Nevertheless, considered that these hypercomplex algebras may
not be easily understandable for those people having an
unspecialized knowledge of mathematics, soon a question
arose: do we really need quaternions and octonions? Probably,
the answer arrived from the world of engineering. The
challenge has been the provision of convincing reasons why
hypercomplex signal processing is favorable (or not). It is
known that the orientation information is intrinsic to
quaternion-valued objects [10]. Therefore, quaternions found a
new revival in 3-D rotation applications. These include
avionics, 3-D graphics and virtual reality, modeling in
chemistry, etc. The experimentation of quaternion algebra and

the implementation of quaternion systems determined a first
motivation why quaternions are irreplaceable in these fields:
before quaternions, all rotations were traditionally expressed in
Euler angles. Unfortunately, such a representation is affected by
system deadlocks occurring at critical angles. Practically, the
rotation system may degenerate and lose a degree of freedom.
Other positive impressions of hypercomplex algebras
originated from quaternion adaptive signal processing.
Adaptive filters are self-adjusting systems, so human
intervention is restricted to the filter development and
parameter setup phases. It has been interesting to study how
such automatic systems behave with changing the mathematical
format of input and output signals and the filter architecture,
accordingly. It was experimented that signal component
correlation plays a significant role in the adaptation process,
thus speeding up the convergence rate and improving the filter
performance. On this trend, researchers developed several
algorithms in quaternion algebra [11–15]. Our research group
also dedicated itself to this topic [16, 17]. The aim of this
paper is to continue the research presented in a previous work.
In [17], the authors experimented whether a certain numerical
representation of the sound space can determine a filter
performance. The test compared the filter convergence rate in
the case the input signal components were totally uncorrelated
and unstructured or correlated and in a format derived from a 3D audio technique called Ambisonics. Both system
configurations had four signal components. For this reason, the
tests were carried out in two 4-dimensional algebras: quaternion
and tessarine algebras. The authors compared the performance
of two elementary isodimensional Least Mean Square (LMS)
adaptive filters: the Quaternion LMS (QLMS) and the Tessarine
LMS (TLMS). In the case of complete decorrelation and
absence of structure, the TLMS and the QLMS exhibit the same
behavior. Things change when the system has a determined
geometry and correlated component signals. In fact, the QLMS
algorithm converges faster when the input signal has the
Ambisonic format. Here in this work, we still keep four signals
and correlation of components, but we change the microphone
layout. We will repeat the same experiment proposed in [17]
and compare the filter performance in the case a coincident
Ambisonic array or a 4-element uniform linear array is used.
The aim of our new experiment is to assess whether mere
correlation is dominant over geometry.
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This paper is organized as follows. After a preliminary
introduction to 4-dimensional algebras in Section II, the two
different microphone geometries are presented in Section III
and a brief recap of the QLMS and TLMS algorithms is
supplied in Section IV. Finally, results from simulations are
reported in Section V.
II. TWO 4-DIMENSIONAL ALGEBRAS
Two 4-dimensional algebras are presented here: quaternions
(ԯ) and tessarines (ॻ). Other 4-D algebras exist, e.g. the
Sklyanin algebras described in [18]; however, we chose these
two algebras because they are characterized by the fact that their
outfit is exactly the same: q q0  q1i  q2 j  q3k with  א ݍԯ
and t t0  t1i  t2 j  t3k with ॻ א ݐ. Despite that, the algebraic
rules governing quaternion and tessarine algebras are radically
different. Both quaternions and tessarines can be split into a real
(scalar) part (i.e. ݍ and ݐ ), and a full-imaginary (vector) part
built on the imaginary axes ܑ,ܒ,ܓ. The properties below are
those responsible of the essential differences between quaternion
and tessarine numerical systems:

Fig. 2. 4-Microphone Uniform Linear Array.
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It can be seen that commutativity features only in tessarine
algebra. As a consequence of this, for example, we can detect
an effect on the convolution theorem. In fact, the classic
convolution theorem (valid in Թ, ԧ) does not hold in quaternion
algebra [16,19]. On the contrary, the authors of this paper
experimented that the theorem is still valid in tessarine algebra.
This result will be reported in a future work. On the other hand,
the sum is computed the same way with either quaternions or
tessarines (component-by-component):



Axioms Ɉɲɢɛɤɚ! ɂɫɬɨɱɧɢɤ ɫɫɵɥɤɢ ɧɟ ɧɚɣɞɟɧ.–
4
generate the discrepancies between the two algebras, e.g. they
dictate the rules for product and other mathematical operations
(convolution, correlation, etc.).
Given quaternions ݍ ǡ ݍ  אԯ, we compute their product as
qa qb

Fig. 1. Typical Ambisonic B-Format layout.

a0  a1i  a2 j  a3k b0  b1i  b2 j  b3k



qr p

q0  q1i  q2 j  q3k r p0  p1i  p2 j  p3k
q0 r p0  q1 r p1 i  q2 r p2 j  q3 r p3 k.

Another consequence of the divergent algebraic background is
the distinct definition of the conjugate of a quaternion and a
tessarine:


a0 b0  a1b1  a2 b2  a3b3
 a0 b1  a1b0  a2 b3  a3b2 i
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However, the poly-conjugation can generalize both:

 a0 b2  a1b3  a2 b0  a3b1 j
 a0 b3  a1b2  a2 b1  a3b0 k.

 



p*

3

p0  ¦ pQ eQ3 
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Given tessarines ݐ ǡ ݐ ॻ א, we compute their product as
t a tb

where eQ with Q

a0  a1i  a2 j  a3k b0  b1i  b2 j  b3k

III. MICROPHONE ARRAY GEOMETRIES AND MATHEMATICAL
REPRESENTATION OF SPACE

a0 b0  a1b1  a2 b2  a3b3


 a0 b1  a1b0  a2 b3  a3b2 i
 a0 b2  a1b3  a2 b0  a3b1 j
 a0 b3  a1b2  a2 b1  a3b0 k.

1, 2,3 form an orthonormal basis.





The experiment we are going to present in this paper makes
use of two different microphone configurations to pick up a
sound source. Both layouts mount four microphones and each
microphone signal is assigned to a quaternion/tessarine
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component. The first microphone configuration is a coincident
array, extensively used in the so-called Ambisonics (1st order)
B-format technique (Fig. 1). The second is a simple 4-element
uniform linear array (Fig. 2).
Besides the evident different shape of the arrays, a
transformation of the sound space is applied before placing each
signal into a mathematical dimension. Details about this
transformation are given just below.
A. Ambisonic Coincident Array
Ambisonics is a renowned 3-D audio technique patented in
the '70s by Gerzon and Felgett [20–22]. This technique can be
used for either recording or reconstructing a 3-dimensional
sound field. Ambisonics typically uses coincident microphone
arrays with a configuration depending on the specific format.
Ambisonic formats were tailored to a special audio equipment
or purpose (studio recording, audio broadcasting, public
address, etc.) and it is possible to transcode from one format to
another by means of uncomplicated matrix transformations
[23]. We will focus here on the Ambisonic B-Format. The
choice and the arrangement of the microphones in this format
are in line with the physical decomposition of the sound field
according to the Ambisonic theory. Ambisonics describes the
G
sound field, p r , as a linear combination of spherical

conclusion, 1st-order B-format can be condensed into a
quaternion form as

BW (t )  BX (t )i  BY (t ) j  BZ (t )k. 

BQ (t )



 

Later in this work, we will see if a similar transformation is
effective in tessarine mathematics, too.
B. Uniform Linear Array
The second microphone configuration we present here
consists of four uniformly spaced microphones, aligned on a
single space dimension (Fig. 2). The microphone polar pattern
may be of any kind. It is preferable that all microphones have
the same directional characteristic. Such arrays are usually
employed in highly directive beamforming applications, such as
sound source localization. System directivity depends on the
number of sensors, their spacing and the wavelength of the
impinging wave.
TABLE I.

SPHERICAL HARMONICS UP TO 1ST ORDER: EULER TO
QUATERNION

V
harmonics ( Ymn
), multiplied by coefficients representing the
V
):
recorded audio signals ( Bmn
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The spatial position of each microphone in our 4-element
array is defined as


[( p  1)d 0 0]T , for p 1,..., P 

rp

 

where m, n, ߪ, k are the degree, the order, the spin and the wave
number (ʹߨ݂ Τܿ ሻ, respectively. The polar coordinates ሺߠǡ ߮ሻ
denote the azimuth and the elevation. The decomposition in
(10) refers to a plane wave and a sound field with external
sources only. The other functions in the formula, J m kr , are

where d is the distance between two microphones and P 4 . In
a uniform linear array (ULA) the delay time between sensors is
W d cos T c , where T is the angle of incidence of the acoustic
wave. The ULA array steering vector can be expressed as

radial functions called spherical Bessel functions of the first
kind [24]. The 1st-order B-Format considers harmonics up to
first order. Graphically, the zeroth and first order harmonics are
represented by the colored bubbles in Fig. 1. The microphones
used with this technique (coincident and orthogonal to one
another) must have polar patterns fitting the shape of these
harmonics. For this reason, one omnidirectional microphone
(W) and three figure-of-eight microphones (X,Y,Z) are adopted
here.
A transformation of the sound field from the traditional
Euler representation into a quaternion-valued form has been
already discussed and experimented by the authors of this paper
[17, 25, 26]. The group of 3-D Euclidean rotations SO(3) has a
representation on the 2m  1 –dimensional Hilbert space with



ఙ ሺߠǡ
߮ሻǡ Ͳ  ݊  ݉ǡ ߪ ൌ േͳሽ.
spherical harmonics, ݊ܽݏሼܻ
In addition, the SO(3) group is isomorphic to the subspace of
full-imaginary quaternions. That said, the transformation is
possible and straightforward, as indicated in Table 1. In

a

T

ª¬1 e jkd cos T } e j (1 P ) kd cos T º¼ 

 

with P 4 and k Z / c (c is the speed of sound).
Given the source signal s (t ) , the sound signal at the p-th
microphone can be represented as


x p (t )

s(t  ( p  1)W ) 

 

Since we have four microphone signals and they are
correlated to one another, we may want to assign each signal to
a quaternion or a tessarine component. No particular space
transformation is applied here. We are just encapsulating signals
into one single multidimensional object, because they belong to
the same context:


xQ,T (t )

x1 (t )  x2 (t )i  x3 (t ) j  x4 (t )k. 
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IV. A COMPARISON OF 4-D ADAPTIVE FILTERS
In quaternion algebra, the development of adaptive filters
has been progressing for about a decade. Since the first
Quaternion Least Mean Square algorithm was presented in [11],
improvements and other quaternion algorithm architectures
were proposed. On the contrary, tessarine algebra did not arise
the same interest as quaternions, so the literature lacks of filters
in this algebra. On account of this, the authors of this paper
implemented the basic Tessarine LMS algorithm in order to
make a comparison with its quaternion counterpart [17]. The
main information about the basic LMS algorithm is provided in
the following.

function J n ( w n ) can be found by computing and setting to zero
its gradient. The final adaptation equation for both QLMS and
TLMS algorithms results in



wn

w n 1  P e > n @ x*n . 

 

where P is the step size along the direction of the gradient and
the conjugate  ܠ כis derived as in (9).
The QLMS and the TLMS algorithms will be employed in
the simulations described in Section V.
V. SIMULATIONS
As introduced, we are going to repeat the experiment
proposed by the authors in [17]. In this work, we chose two
different microphone configurations having a precise geometry.
The microphones are set up as described in Section III-A and
Section III-B. The ULA array is composed of omnidirectional
microphones. The four signal components are correlated in both
cases. The positions of the source and the microphones in the
room are described in Fig. 3. The resulting impulse responses,
characterizing the path between the source and each sensor, in
the case of Ambisonics and ULA are reported in Fig. 4 and Fig.
5, respectively.

Fig. 3.

Simulation room scenario.

In the LMS adaptation process we define a cost function to
be minimized, e.g. the Mean Square Error (MSE)
J n (w n ) E ^e[n]e* [n]` . The error e[ n ] is measured as the
difference between a desired signal and the adaptive filter
output ( e[n]
d [n]  y[n] ). Considering the properties of
quaternion and tessarine algebras, the adaptive filter output is
slightly different in the two algebras:



y[n] wTn 1x n

ª wTa x a  wTb xb  wTc xc  wTd x d º
« T
»
T
T
T
« w a xb  w b x a  w c x d  w d xc »     
« wTa xc  wTc x a  wTd xb  wTb x d »
« T
»
T
T
T
¬« w a x d  w d x a  w b xc  w c xb ¼»

Fig. 4. B-Format impulse responses.

for quaternions, and



y[n] wTn 1x n

ª wTa x a  wTb xb  wTc xc  wTd x d º
« T
»
T
T
T
« w a xb  w b x a  w c x d  w d xc »  !   
« wTa xc  wTc x a  wTd xb  wTb x d »
« T
»
T
T
T
«¬ w a x d  w d x a  w b xc  w c xb »¼

for tessarines, where x n is the filter input vector at iteration n
and w n1 are the filter weights at iteration n  1 :  ܠ ൌ
்

ൣݔሾ݊ሿݔሾ݊ െ ͳሿǥ ݔሾ݊ െ ܯሿ൧ ,
்

ܟ ൌ ሾݓ ሾ݊ሿݓଵ ሾ݊ሿ ǥ

ݓெ ሾ݊ሿ൧ with M the filter length. The minimum of the cost

Fig. 5. Uniform Linear Array impulse responses (omnidirectional mics).

The experiment consists in the identification of a 4dimensional system, previously defined in the time domain by
the random weights w 0 , uniformly distributed in the range
[  1,1] . The adaptive core accomplishing this task is one of the
algorithms presented in Section IV. The filter input is recorded
in the two techniques. The source generates unit-variance white

BBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBB


,(((0LFURZDYHV5DGDUDQG5HPRWH6HQVLQJ6\PSRVLXP$XJXVW.\LY8NUDLQH


Gaussian noise. Given the same filter parameters for both
QLMS and TLMS ( M 12 , P 0.8 ), we obtained the results
plotted in Fig. 6 and Fig. 7 with B-Format and ULA,
respectively. We considered as a measure of comparison the
MSE at the steady-state and the time (in terms of samples) the
algorithm takes to reach this value.

four elements. We have transformed the sound space into a 4dimensional format and we have applied the resulting
multidimensional signal to 4-dimensional adaptive filters
(QLMS and TLMS). We have seen that, in the special case the

Fig. 8. Uniform Linear Array impulse responses (closer omni mics).
Fig. 6. System identification with B-Format input signal. QLMS and TLMS
filter performance.

space is decomposed into spherical harmonics and the
Ambisonic B-Format technique is used to record the sound
field, the choice of quaternion algebra in signal processing
works like the right key in the lock. In this instance, the QLMS
algorithm converges faster than the TLMS algorithm. The
outcome of this test suggests that, in this special context,
quaternion algebra is a better choice. In the case signals are
simply correlated, but the sound space does not undergo any
special transformation, there may be still an advantage of
quaternion signal processing over tessarine algebra, although
not so evident. In fact, we have seen how changing the distance
between the microphones overturned the result. Further
investigation is totally required.

Fig. 7. System identification with ULA (omnidirectional mics) input signal.
QLMS and TLMS filter performance.

In both cases, the QLMS has an edge over TLMS. However,
when the input signal is consistent with the quaternion
transformation we discussed in Section III-A, this advantage is
distinct. Apparently, a similar transformation is not feasible
with tessarines, since, unlike rotations and quaternions,
tessarine algebra is commutative. In the example above,
geometry wins over mere correlation. Nevertheless, we are
interested in observing whether it is possible to turn the
situation around. We present here a minor modification of the
scenario. Keeping the position of microphone P1 unchanged,
the omnidirectional ULA microphones are moved closer to one
another ( d 0.5 [m]). The impulse responses are shown in Fig.
8 and the result from the simulation is plotted in Fig. 9. Here,
the TLMS converges faster than the QLMS. In conclusion,
correlation matters, but geometry is preponderant. In fact,
geometry implies a particular configuration of correlation.

Fig. 9. System identification with ULA (closer omni mics) input signal.
QLMS and TLMS filter performance.
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