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ABSTRACT
In this paper we propose an algorithm which operates weight
adaptation by means of a periodic law and is based on the
Widely Linear Quaternion Least Mean Square (WL-QLMS)
algorithm. The WL-QLMS successfully handles real-world
signals, either proper or improper. However, because of the
introduction of full second order statistics into the algorithm,
its computational cost is quadruplicated with respect to its
precursor QLMS. The proposed Widely Linear Block Quaternion Least Mean Square (WL-BQLMS) algorithm speeds up
the execution, thus revealing itself as a good solution in 3D
audio signal processing applications, where huge amounts of
data are usually treated and signals are typically improper.
Simulations exploiting 3D Ambisonic B-Format audio signals
provide a report of the WL-BQLMS behavior in comparison
with BQLMS.
Index Terms— Widely linear, block algorithms, quaternions, hypercomplex, adaptive filters, 3D audio, quaternion
Ambisonic representation, B-Format
1. INTRODUCTION
In recent years, computational intelligence techniques were
extensively used in many audio applications [1, 2]. Today,
systems for speech and speaker recognition, speech synthesis and analysis, flanked by sound enhancement solutions, are
widespread in either fixed or portable devices. One of the
critical aspects in computational intelligence is system modeling. With regards to this point, processing in the hypercomplex domains was investigated with the task of handling
problems by considering all their physical/mathematical dimensions and any relation among them [3–5]. In particular,
in the branch of adaptive filtering, the scientific community
widely explored the field of quaternion algebra [6]. After the
proposal of a Quaternion Least Mean Square algorithm [7],
many other quaternion-valued filters were developed [8–10].
Advantages resulting from the use of quaternions were widely
assessed in 3D graphics and avionics, where such a numerical
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data representation allows the development of filters free from
rotation deadlocks [11–14]. In adaptive filtering applications,
like weather prediction [15, 16], 3D audio [17] or orientation
tracking [18], very interesting results were observed. Because
of the peculiar properties of quaternion algebra, it is possible
to exploit the correlation among all channels (quaternion dimensions), thus obtaining improved filter performance.
The latest efforts in quaternion-valued adaptive filtering
were oriented towards the study of the full second order statistics of the signals [19]. In fact, simulations may fail if the
models of the actors participating in the system are inadequate
and in adaptive filtering performance may vary notably with
the nature of the input signal. Earlier quaternion-valued algorithms did not consider the complementary covariance matrices, making them applicable only to proper (or circular)
signals, i.e. signals featuring a rotation invariant behavior.
Unfortunately, most real-world signals are not circular (noncircular, improper) [19–21]: examples were found in communications, where imbalance between in-phase and quadrature
components gives rise to improper baseband signals [22]. Improper signals, in general, result from multichannel systems
having channel gain disparities and correlated components,
such as multi-sensor applications [23–26]. In typical array
processing applications, if signals (either signal of interest
or interference) are improper, it is possible to achieve a high
DOA resolution [26]. In [24–26] the widely linear model of
the signals was exploited. The model takes into account the
signal second order statistics by incorporating complementary covariance matrices into quaternion math by means of
quaternion involutions.
In [27] a Widely Linear Quaternion Least Mean Square
(WL-QLMS) filter was presented. However, the shortcoming
of WL-QLMS is the computational cost. In fact, the algorithm architecture includes the computation of quaternionvalued convolutions and cross-correlations for all signal involutions. In this work, we propose a solution to this problem.
We developed a block version of the WL-QLMS, i.e. it updates the filter weights periodically (Widely Linear Block

Quaternion Least Mean Square, WL-BQLMS). We applied
the algorithm to a 3D audio system, where improper signals
are usually encountered. In acoustic applications, we often
have to handle long impulse responses, e.g. long reverberation tails, and block algorithms represent a solution in most
cases. Moreover, block time-domain algorithms pave the way
for the implementation of frequency-domain algorithms [28],
which compute transformations over blocks of samples. As
known from the properties of the Fourier transform, this
mathematical tool allows a fast execution of convolutions and
cross-correlations, thus speeding up the processing.
This paper is organized as follows. In Section 2 we recall the important facts of quaternions and augmented (second order) quaternion statistics. In Section 3 we present the
WL-BQLMS. The sound field representation in a typical noncircular environment is introduced in Section 4. Finally, results from simulations are given in Section 5.
2. INTRODUCTION TO QUATERNION ALGEBRA

Quaternions are a geometric algebra and are made up of 4
components: q = q0 + q1 i + q2 j + q3 k.
If q0 is zero, a quaternion is named pure quaternion.
The imaginary units, i = (1, 0, 0), j = (0, 1, 0), k =
(0, 0, 1), represent an orthonormal basis in R3 and satisfy the
fundamental properties shown below:
jk = j × k = i

ki = k × i = j

i2 = j2 = k2 = −1.

(1)
(2)

One of the most important properties of quaternion algebra is
that quaternion product is non-commutative, i.e. ij 6= ji , in
fact
ij = −ji
jk = −kj
ki = −ik.
(3)
The sum of quaternions is computed as:
q ± p = (q0 + q1 i + q2 j + q3 k) ± (p0 + p1 i + p2 j + p3 k)
= (q0 ± p0 ) + (q1 ± p1 ) i + (q2 ± p2 ) j + (q3 ± p3 ) k.

(4)

The product between quaternions q1 and q2 is calculated as
q1 q2 = (a0 + a1 i + a2 j + a3 k) (b0 + b1 i + b2 j + b3 k)
= (a0 b0 − a1 b1 − a2 b2 − a3 b3 )
+ (a0 b1 + a1 b0 + a2 b3 − a3 b2 ) i

In complex numbers, we need both z = za +izb and its conjugate z ∗ = za − izb in order to write both its real and complex
1
components as za = 12 (z + z ∗ ) and zb = 2i
(z − z ∗ ). In
the quaternion domain the same task is a little bit harder to
achieve. We actually need to define and exploit the quaternion involutions:
q i = −iqi = qa + iqb − jqc − kqd
q j = −jqj = qa − iqb + jqc − kqd

(5)

+ (a0 b2 − a1 b3 + a2 b0 + a3 b1 ) j
+ (a0 b3 + a1 b2 − a2 b1 + a3 b0 ) k.

The conjugate of a quaternion q = w + xi + yj + zk is
defined as q ∗ = w − xi − yj − zk.
The module p
of a quaternion q = w + xi + yj + zk is
defined as |q| = w2 + x2 + y 2 + z 2 .

(6)

k

q = −kqk = qa − iqb − jqc + kqd .
Given the definitions above in (6), we can now express each
1
(q − q i∗ ),
quaternionic component as qa = 21 (q + q ∗ ), qb = 2i
1
1
j∗
k∗
qc = 2j (q − q ), qd = 2k (q − q ) and establish a mapping
between quaternion components and involutions.
In order to learn about the properness of a signal (Section 2.3), it is helpful to define the complementary covariance
matrices:
n
o
n
o
n
o
Cqi = E qqiH , Cqj = E qqjH , Cqk = E qqkH .

2.1. Fundamental properties of quaternion math

ij = i × j = k

2.2. Quaternion augmented statistics

(7)

Further details and definitions about second order statistics can be found in [19–21].
2.3. On the properness of quaternion-valued signals
Frequently, improper signals are found in real-world applications. One of the goals of research in adaptive filtering
is to find a solution of general validity for both proper and
improper signals. The widely linear model for quaternionvalued signals was introduced to achieve this target [19, 29].
Consequently to simulations, it was demonstrated [19,29] that
the WL-QLMS algorithm outperforms the QLMS when the
filter input signal is improper.
Properness, or second order circularity, features in those
variables having rotation-invariant probability distribution
with respect to all six pairs of rotation axes (1, i), (1, j),
(1, k), (i, j), (k, j), (k, i). A straightforward way to check
the properness of a quaternion random variable q = qa +
qb i + qc j + qd k is to test the following characterizing properties [19]:
 2
1. E qm
= σ 2 , ∀m = a, b, c, d (i.e. all four components of q have equal power).
2. E {qm qn } = 0, ∀m, n = a, b, c, d and m 6= n (i.e.
all four components of q are uncorrelated).
 2
3. E {qq} = −2E qm
= −2σ 2 , ∀m = a, b, c, d (i.e.
the pseudocovariance matrix does not vanish)
n o
 2
2
4. E |q|
= 4E qm
= 4σ 2 , ∀m = a, b, c, d (i.e.
the covariance of a quaternion variable is the sum of the
covariances of all components).

A corollary of the above properties is that a Q-proper vector is not correlated with its involutions (qi , qj , qk ) [30], thus
resulting



E qqiH = E qqjH = E qqkH = 0.
(8)
As a consequence, we have that Q-proper signals exhibit
vanishing cross-correlation matrices for all components
(qa, qb , qc , qd ) and the augmented covariance matrix
E qa qaH = 4σ 2 I is real-valued, positive definite and
symmetric (qa = [qT qiT qjT qkT ]T ). In addition, all the
complementary matrices are real-valued and diagonal. More
properties and detailed information about this topic can be
found in [19, 30].

The filter error at block k is defined as the difference of
the desired signal d[k] and the filter output y[k]:

We can finally update the filter weights:
wk+1 = wk + 2µ

hk+1 = hk + 2µ

3.1. Overview of the WL-BQLMS algorithm
Before running the algorithm, the initial values of all variables
and vectors involved need to be chosen. The WL-BQLMS
algorithm exploits quaternion involutions, so four sets of filter weights have to be initialized and updated in the process:
winit , hinit , uinit , vinit ∈ HM ×1 , where M is the filter
length. All filter weight vectors (wk , hk , uk , vk ) are defined
in a way similar to wk = [w0 [k] w1 [k] . . . wM −1 [k]]T ∈
HM ×1 .
After the initialization is complete, the following operations are executed at each new input block k. Given the input
block defined as xk = [x[kL] x[kL−1] . . . x[kL−L+1]]T ,
its involutions (xi , xj , xk ) have to be derived. We denote the
filter length and the block length with M and L, respectively.
We can now compute the filter output by convoluting each
weight vector with its corresponding input involution:
wk [l] x [kL + i − l]

l=0
M
−1
X

hk [l] xi [kL + i − l]

l=0

yu [k] =

uTk xj k

=

M
−1
X

(9)
j

uk [l] x [kL + i − l]

l=0

yv [k] = vkT xk k =

M
−1
X

vk [l] xk [kL + i − l]

l=0

and summing all four contributions:
y [k] = yw [k] + yh [k] + yu [k] + yv [k] .

L−1
X

∗

e [kL + i] xi kL+i

L−1
X

(12)
e [kL +

∗
i] xj kL+i

i=0

The Widely Linear Block Quaternion Least Mean Square algorithm is a block algorithm, i.e. it has a periodic weight
update equation. It differs from Block QLMS since it embeds
a widely linear model of the signal and it exploits the signal
augmented statistics. The algorithm was founded on the revised version of QLMS proposed in [31] and a step-by-step
description of it is given just below.

yh [k] = hTk xi k =

e [kL + i] x∗kL+i

i=0

3. WIDELY LINEAR BLOCK QLMS

M
−1
X

L−1
X
i=0

uk+1 = uk + 2µ

yw [k] = wkT xk =

(11)

e [k] = d [k] − y [k] .

(10)

vk+1 = vk + 2µ

L−1
X

∗

e [kL + i] xk kL+i

i=0

where the step size µ includes the average term of the block
algorithm (µ = µB /L).
3.2. Computational Cost
Our goal in implementing the WL-BQLMS was to achieve efficiency from the computational point of view in comparison
with WL-QLMS. The critical processing paths are the computation of the filter output and the cross-correlation in the
update equation. In WL-BQLMS the number of algorithm iterations is simply divided by the block length L with respect
to WL-QLMS. Definitively, we have the computational cost
ratio between WL-BQLMS and WL-QLMS equal to 1/L:
4. 3D IMPROPER SOUND FIELDS
As introduced in Section 1, the widely linear model suits
those systems having some disparities in the dynamics of its
channels and correlated signal components. The 3D audio
recording/processing technique called Ambisonics belongs to
such a category of systems. This technique employs a coincident array of microphones. According to the particular format used in Ambisonics (see A-Format, B-Format [32]), and
ambisonic order (a definition is given later on), microphones
are oriented towards determined directions (with respect to
a reference point) and each have a specific polar pattern. In
particular, the so-called ambisonic 1st order B-Format is configured as in Fig. 1. In such a layout we have one omnidirectional microphone and three figure-of-eight microphones.
The capsules are coincident and orthogonal to one another.
Because of such a layout (geometric placement with respect
to the sound source and different types of polar pattern for
each capsule), disparities of the signal levels in the channels
are likely to occur.
A detailed explanation about how this 3D audio technique
works is not in the scope of this paper. However, it is surely

useful to know, as an example, how to get the B-Format signals into a quaternionic representation.
Ambisonics decomposes the sound field into spherical
harmonics. In a mathematical language, we can find a solution of the wave equation (13) (we assume we are in the
far field and we can consider a plane wavefront) and the
resulting decomposition (14) is a linear combination of a
basis of orthonormal functions called spherical harmonics
σ
Ymn
(θ, ϕ):
∇2 p (r, θ, ϕ, t) −

1 ∂ 2 p (r, θ, ϕ, t)
=0
c2
∂t2

Table 1. Spherical harmonics up to 1st order:
Euler to Quaternion
Ord. m,n,σ

Ch.

Euler Spherical Harmonics (normalized)

Quaternion Spherical
Harmonics

0

0,0,1

W

1

1

1
1
1

1,1,1
1,0,1
1,1,-1

X
Z
Y

cos θ cos ϕ
sin ϕ
sin θ cos ϕ

xi
zk
yj

(13)

where r is the radius, θ is the azimuth and ϕ is the elevation,
p (~r) =

∞
X

(2m + 1) j m jm (kr)

m=0

X

σ
σ
Bmn
Ymn
(θ, ϕ) (14)

0≤n≤m,
σ=±1

where m is the degree, n is the order, σ is the spin and k
is the wave number (k = 2πf /c). The functions jm (kr) are
called spherical Bessel functions of the first kind and the coσ
represent the signals recorded by
efficients denoted by Bmn
the microphones.
If we represent spherical harmonics in Euler angles, their
mathematical formulation is
σ
Ymn

(θ, ϕ) =

×

√

s
2m + 1

cos nθ
sin nθ

(2 − δ0,n )

(m − n)!
Pmn sin ϕ
(m + n)!

if σ = +1
if σ = −1 (ignore n = 0)

(15)

where Pmn (ξ) is the associated Legendre function of degree
m and order n, δpq represents Kronecker delta and it is equal
to 1 if p = q, else it is equal to 0. The associated Legendre
function is defined as
 n dn
Pmn (ξ) = 1 − ξ 2 n Pm (ξ)
dξ
m
 n dm+n
m
(−1)
= m
1 − ξ 2 2 m+n 1 − ξ 2
2 m!
dξ

Fig. 1. Example of Ambisonic 1st order B-Format layout.

5. DIRECT SYSTEM MODELING WITH
AMBISONIC SIGNALS
Given a system W0 (z) to be identified, we compare the behavior of the WL-BQLMS and the BQLMS algorithms when
the adaptive filter has an improper input signal. The improper
quaternion input signal was recorded by means of a 1st order
B-Format array as defined in Section 4. The signal samples
have the form
B Q [n] = BW [n] + BX [n]i + BY [n]j + BZ [n]k

(18)

2

(16)

where ξ = cos ϕ .
In the 1st order B-format the omnidirectional microphone
1
is related to the 0th order spherical harmonic (B00
= BW ).
The three figure-of-eight microphones are related to the 1st
−1
1
1
= BX , B10
= BY , B11
=
order spherical harmonics (B11
BZ ).
In order to get the B-Format into a single quaternionic signal, we merely have to convert the spherical harmonics from
Euler representation into quaternions (Table 1).
The resulting quaternion-valued ambisonic signal has the
form
B Q = BW + BX i + BY j + BZ k.
(17)

and its source is a monodimensional unit-variance white
Gaussian noise. Signal BW [n] is the omnidirectional component and signals BX [n], BY [n], BZ [n] are the three figureof-eight components. The source was placed at a distance of
20 cm from the array, 45◦ off-axis with the X microphone.
The recording environment is an anechoic simulated room.
Additive unit-variance white Gaussian noise ν[n] ∈ H, with
n = 0, 2..., P − 1, is summed to the output signal of the
system to be identified (d[n] = w0T BQ + ν[n]). Signal improperness can be easily proved by checking the properties 1
and 2 listed in Section 2.3 for Q-proper signals. As a matter
of simplicity, the filter length M in WL-BQLMS is chosen
equal to the block length L (M = L). Choosing the filter
parameters as M = 4, µ = 0.6 (µB = µL), we obtain the
results reported in Fig. 2.
It is worth noting that, when the input signal is improper,
non-widely linear algorithms, such as (B)QLMS, typically
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Fig. 2. WL-BQLMS vs. BQLMS. Direct system modeling
with quaternion-valued ambisonic input signal (improper).
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of a multidimensional (quaternion-valued) signal. However,
in order to improve the filter performance, it is necessary
to design filters capable of handling signals of any nature.
We saw that a complete insight of quaternion second order
statistics is needed in order to fully exploit the information coupling within all quaternion channels. Widely linear
quaternion algorithms were introduced and showed improved
performance with the processing of improper signals. However, the computational cost is an issue. We proposed a
version of the WL-QLMS algorithm operating weight adaptation periodically (WL-BQLMS). We finally employed the
WL-BQLMS algorithm in a typical improper environment
such as Ambisonics and compared its performance with its
non-widely linear predecessor BQLMS.
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