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ABSTRACT

Nonlinear acoustic echo cancellation (NAEC) aims at estimating both the acoustic impulse response and the nonlinearities affecting the desired signal. Both the modeling processes show behaviors of sparse nature from an energy point
of view. In this paper, we propose an adaptive NAEC algorithm that takes advantage of such sparsity behaviors to improve echo cancellation performance. The proposed scheme
is characterized by two block-based adaptive combinations of
proportionate adaptive filters, having different strategies, devoted respectively to the estimation of the linear and nonlinear
responses. The proposed model is assessed in NAEC problems, where its advantages and effectiveness are shown.
Index Terms— Sparse Adaptive Filters, Adaptive Combination of Filters, Linear-in-the-Parameters Nonlinear Filters, Nonlinear Adaptive Filtering, Functional Links
1. INTRODUCTION
Acoustic echo occurs when a microphone acquires a delayed,
and possibly distorted, replica of a signal reproduced by a
loudspeaker, together with desired information. Such echo
signal can be estimated and removed from the microphone
signal by means of echo cancellers. Nonlinear acoustic echo
cancellation (NAEC) represents one of the most complete and
challenging problems in adaptive filtering, since it involves
two main issues to be addressed: the estimation of the acoustic impulse response (AIR) and the estimation of the nonlinearities rebounding in the echo channel. The former issue
has a mostly linear nature and can be tackled by designing
suited adaptive filters. The latter problem requires the introduction of nonlinear models able to estimate those distortions
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that affect the signal captured by a microphone. Recently,
several NAEC models have been proposed based on different approaches, including Bayesian learning [1], evolutionary strategies [2], hardware solutions [3], enhanced adaptive
Volterra filters [4,5], kernel adaptive filters [6,7], spline adaptive filters [8], cascaded Kalman filters [9], and parallel Hammerstein architectures [10], among others.
Here, we propose an NAEC method based on the class
of functional link adaptive filters (FLAFs) [11–14], in which
the modeling of AIR and nonlinearities is split in two parallel
filtering branches. We focus on the fact that both the modeling processes may show sparsity behaviors. Regarding the
AIR estimate, it usually shows some degree of sparsity, since
most of the energy of the AIR is contained in the first part
of it [15]. This fact led proportionate adaptive algorithms to
be often used in echo cancellation problems [15–20]. On the
other hand, sparsity can be observed also in the estimate of
nonlinearities, mainly due to nonlinear expansions of the input signal [13], leading to the employment of sparsity-aware
algorithms also for the nonlinear filtering [13, 21–23].
In order to take always advantage of any sparseness, regardless of its degree, we use adaptive combinations of filters [24, 25], which present robust performance suited for different, and even unknown, time-varying sparseness degrees.
Analyzing the sparsity behaviors in both the estimation of
AIR and nonlinearities, it can be gather that coefficients with
higher energy are adjacent to each other, so it is possible to select blocks with different sparseness degrees. For this reason,
the proposed NAEC model is based on block-based combinations [26,27] with different combination strategies for the two
estimation tasks. The proposed method is assessed in NAEC
problems, where its effectiveness has been illustrated.
The rest of the paper is organized as follows: FLAFs and
its split scheme for NAEC are introduced in Section 2. An
analysis of the sparsity behaviors in functional link expansions is presented in Section 3, while in Section 4 the proposed method involving the two block-based combination approaches is introduced. In Section 5, experimental results are
shown and, finally, in Section 6 our conclusions are drawn.
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Fig. 1. The split functional link adaptive filter.
2. FUNCTIONAL LINK ADAPTIVE FILTERS FOR
NAEC
In NAEC applications, the response of a system to be identified is produced by any combination of a linear and nonlinear
components. For this reason, a split functional link adaptive
filter (SFLAF) scheme was recently proposed [11] as a parallel architecture including a linear and a nonlinear branch, as
depicted in Fig. 1. The former branch is simply composed
of a linear adaptive filter, which is devoted to modeling the
linear components of the echo path (including the AIR). This
allows the nonlinear branch to focus on the modeling of the
nonlinear components of that echo path. Such branch is a
linear-in-the-parameters nonlinear filter, composed of a functional expansion block (FEB) and a subsequent adaptive filter.
At n-th time instant the SFLAF receives the input vec
T
tor xn ∈ RM = x [n] . . . x [n − M + 1] , where M
is the input vector length that matches with the length of the

T
filter wL,n ∈ RM = wL,0 [n] . . . wL,M−1 [n] . The
adaptive filtering yields the output yL [n] = xTL,n wL,n−1 . A
selection of Mi ≤ M samples of xn is also processed on
the nonlinear branch by an FEB, which consists of a series
of functions satisfying universal approximation constraints.
Such functions are called functional
links and theyoare conn
tained in a chosen set Φ = ϕ0 (·) , . . . , ϕQf −1 (·) , where
Qf is the number of functional links. Each sample of the input vector is expanded by Φ, thus yielding the nonlinear ex
T
panded buffer gn ∈ RMe = g0 [n] . . . gMe −1 [n] ,
where Me ≥ Mi represents the length of the expanded buffer.
We adopt a nonlinear trigonometric series expansion to build
the functional link set, such that:

sin (pπx [n − i]) , j = 2p − 2
ϕj (x [n − i]) = cos (pπx [n − i]) , j = 2p − 1 (1)
where p = 1, . . . , P is the expansion index, being P the expansion order, and j = 0, . . . , Qf −1 the functional link index.
It is easy to verify that the set Φ is composed of Qf = 2P
functional links. It is worth noting that the expanded vector gn is composed of nonlinear elements only, since the linear part of a system to be identified can be demanded to a
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Fig. 2. Sparse behavior of wL,∞ (a) and wFL,∞ (b) from an
energy point of view.
separate filter, from which derives the name “split”. Such
expanded buffer is then fed into an adaptive filter wFL,n ∈

T
RMe = wFL,0 [n] wFL,1 [n] . . . wFL,Me −1 [n]] , thus providing the nonlinear output yFL [n] = gnT wFL,n−1 . The SFLAF
output results from the sum of the two branch outputs, i.e.,
y [n] = yL [n] + yFL [n], and, thereby, the error signal is:
e [n] = d [n] − (yL [n] + yFL [n])

(2)

which is used for the adaptation of both adaptive filters. Such
filters can be adapted by using any adaptive algorithm, including proportionate algorithms that may take advantage of any
sparsity of the system response.
3. EXPLOITING SPARSITY IN FUNCTIONAL LINK
ADAPTIVE FILTERS
3.1. Sparsity in Linear and Nonlinear Modeling
NAEC application requires the estimate of a linear system,
which is mainly represented by the AIR, and of a nonlinear
system that introduces distortions in the echo signal. An impulse response may be considered sparse if a large fraction
of its energy is concentrated in a small fraction of its duration [15]. That is the case of the AIR, since the most significant part of the response is restricted to its head, which
contains the direct path and the early reflections of a reverberant environment. If we analyze the energy of the coefficient
vector on the linear branch at steady state, wL,∞ , we find a
sparse behavior, like that represented in Fig. 2(a), where most
of the response has “inactive” coefficients having negligible
energy values. The energy evolution shows a certain sparseness degree that may change according to the reverberation
time, thus affecting the energy decay.
We also analyze the energy behavior of the coefficient
vector wFL,∞ to study sparsity in functional link expansions.
Let us consider the expansion of one input sample x [n]
(Mi = 1) with a certain expansion order P , such that our
expanded vector gn is composed of Me = 2P = Qf elements. This means that the early coefficients of wFL,∞ are

related to the functional links with small values of the expansion order (p → 1), while the last ones are related to the
functional links with p → P , being p the expansion index.
By analyzing the energy of wFL,∞ , we can usually observe
a decreasing exponential behavior. This means that early
functional links generate the most significant samples of the
expanded vector, while the last elements of gn only produces
small variations in the nonlinear modeling process. It is worth
noting that wFL,∞ usually shows an exponentially decreasing
energy as for the wL,∞ , with a sparseness degree that in this
case may vary according to the nonlinearity degree and to the
chosen expansion order. If we generalize the above analysis
for Mi > 1, the energy of wFL,∞ will be characterized by a
periodic exponential decay, where the number of repetitions
coincides with the number of input samples to the FEB, i.e.,
Mi , as represented in Fig. 2(b).
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Fig. 3. The proposed filtering scheme where the filter block
outputs are combined by the mixing parameter vectors.

3.2. Full Proportionate SFLAF
In order to take advantage of any sparsity degree of the
SFLAF’s filters, we introduce a “full” regularizing mask that
gives more prominence to those filter coefficients that have
an active role in the linear and nonlinear filtering. We can
adopt the same optimization procedure presented in [13], but
applied to the filters on both the branches. We achieve the
following adaptation rules for the full proportionate SFLAF:
wL,n = wL,n−1 + µL
wFL,n = wFL,n−1 + µFL

QL,n xn
T
xn QL,n xn +

δPL

e [n]

QFL,n gn
e [n] ,
gnT QFL,n gn + δPFL

(3)

(4)

where µL and µFL are step-size parameters, δPL and δPFL are
regularization factors, and QL,n and QFL,n are proportionate
matrices, which aim at weighting the coefficient vectors proportionally to the contribution they provide to the modeling.
The proportionate matrices are diagonal matrices, whose
diagonal elements are computed by using the filter coefficients estimated at the previous time instant: the larger a
coefficient value, the higher the corresponding weighting.
This means that significant coefficients are adapted faster.
We choose the diagonal elements according to the improved
proportionate normalized least mean-square (IPNLMS) algorithm [16], however nothing prevents to adopt other proportionate rules. The resulting diagonal elements of QL,n and
QFL,n can be respectively written as:
qL,k [n] =

qFL,l [n] =

1 − ρL
|wL,k [n − 1]|
+ (1 + ρL )
2M
2 kwL,n−1 k1 + ξ

(5)

|wFL,l [n − 1]|
1 − ρFL
+ (1 + ρFL )
2Me
2 kwFL,n−1 k1 + ξ

(6)

with k = 0, . . . , M − 1, l = 0, . . . , Me − 1, and ξ is a small
positive constant that avoids divisions by zero. The propor-

tionality factors −1 ≤ {ρL , ρFL } ≤ 1 balance the proportionality, since when their value is close to 1 a high sparseness degree is assumed, while, on the other hand, a low degree is supposed when these factors approach −1, reducing
the adaptation to the normalized least mean-square (NLMS)
scheme. According to the proportionality factors, the regularization parameters in (3) and (4) are, respectively, δPL =
(1 − ρL ) δ/2M and δPFL = (1 − ρFL ) δ/2Me , where δ denotes
a common regularization factor used for an NLMS adaptation.
4. BLOCK-BASED COMBINED PSFLAF
ARCHITECTURE
The full PSFLAF takes advantage of the split architecture, depicted in Fig. 1, and of the proportionate algorithm. Here, we
extend both the architecture and the learning algorithm to better exploit any sparsity. The new architecture is characterized
by the combination of proportionate filters on both the linear
and nonlinear branches, as represented in Fig. 3.
First, we focus on the linear branch, which is mainly devoted to the estimation of the AIR. In order to exploit any
sparsity of the AIR, we perform an adaptive combination of
filters, thus generalizing the learning regardless of the sparseness degree. In particular, as suggested in [27], we take into
account a block-based combination approach that adopts only
one adaptive mixing parameter for each group of adjacent coefficients, based on the typical behavior of an AIR. Therefore, we consider two adaptive filters on the linear branch,
wL1,n and wL2,n , and we divide them in LL blocks, each one
consisting of NL = M/LL coefficients. The output signals
for each filter on the linear branch are obtained as yLj [n] =
xTn wLj,n−1 , for j = 1, 2, where wLj,n are updated according
to (3), but using different proportionality factors ρLj for the
derivation of the proportionate matrices. In particular, we can
choose a high proportionality factor for the first filter, i.e., ρL1

close to 1, and a lower one for the second filter, i.e., ρL2 close
to −1, thus generalizing the learning regardless of how sparse
is an AIR. The combined output can be expressed as
yL [n] =

LL
X
l=1

(l)

(l)

λL,l [n] xn(l)T wL1,n−1 +(1 − λL,l [n]) xn(l)T wL2,n−1

(7)
where the superscript (l) represents the block index and
λL,l [n] is the mixing parameter associated to the l-th block.
The l-th adaptive mixing parameter λL,l [n], with l =
1, . . . , L, in (7) balances the combination between the l-th
blocks of the two filters wLj [n] (j = 1, 2), giving more
importance to the best performing filter block [24]. Such
awareness is obtained according to a mean-square error minimization. In particular, the adaptation of λL,l [n] is performed
by using an auxiliary adaptive parameter for each block
aL,l [n], which is related to λL,l [n] by means of a sigmoidal
function that keeps the mixing parameter in the range [0, 1],
and defined according to [28] as:


1
λL,l [n] = β
−
α
,
(8)
1 + e−aL,l [n]

where α = 1/ 1 + e4 and β = 1/ (1 − 2α). The update
rule for the auxiliary parameter for the l-th block is [27]:
µc
aL,l [n] =aL,l [n − 1] +
e [n] ∆yL,l [n]
βrL,l [n − 1]
(9)
· (λL,l [n] + αβ) (β − αβ − λL,l [n])

where it is possible to notice that the same LFL mixing parameters are used for each group of Qf samples. Similarly to
the filters on the linear branch, the coefficient vectors wFLj,n ,
with j = 1, 2, are updated according to (4), but using different values for ρFLj (j = 1, 2), thus generalizing the learning
regardless of how sparse is the functional link expansion.
The adaptive mixing parameters λFL,l [n], for l = 1, . . . ,
LFL , in (11) are derived similarly to the linear case, i.e. by
applying (10) and (9) to the filter outputs on the nonlinear
branch. However, in the new block-based approach the blockdifference output related to the l-th block is expressed as:
∆yFL,l [n] =

Mi
X
i=1



(i,l)
(i,l)
gn(i,l)T wFL1,n−1 − wFL2,n−1 ,

(12)

where the superscript (i, l) denotes the l-th block related to
the i-th entry. It is worth noting that eq. (12) takes into account the periodic nature of the functional link expansions.
Once achieved both the outputs from (7) and (11), we can
derive the error signals used for the adaptation of pairs of filters, respectively, on the linear and nonlinear branches [4]:
eLj [n] = d [n] − (yLj [n] + yFL [n])

eFLj [n] = d [n] − (yL [n] + yFLj [n]) ,

(13)
(14)

and also the overall error signal e [n] by applying (2), as for
the SFLAF. It is worth noting that such overall error signal
is used for the adaptation of both the auxiliary parameters
aL,l [n], for l = 1, . . . , LL , and aFL,l [n], for l = 1, . . . , LFL .

for l = 1, . . . , LL , where


(l)
(l)
∆yL,l [n] = xn(l)T wL1,n−1 − wL2,n−1 .

In (9), µc is the step-size parameter of the adaptive combination, rL,l [n] = γrL,l [n − 1] + (1 − γ) ∆yL2,l [n] is the estimated power of ∆yL,l [n] that permits a normalized adaptation
of aL,l [n], and 0 ≪ γ < 1 is a smoothing factor.
On the other hand, in order to exploit sparsity in the nonlinear modeling, we propose a new block-based approach that
takes into account the periodic nature of the energy decay in
functional links, as depicted in Fig. 2(b). As said in Subsection 3.1, each group of Qf samples shows a similar energy decay to that of the adjacent groups. According to this property,
we may think to consider the mixing parameters associated
to the LFL blocks of one group of Qf samples, and use them
for all the Mi groups of Qf samples. In this case, each blocks
consists of NFL = Qf /LFL coefficients and the expanded buffer
length can be also expressed as Me = LFL NFL Mi . Considering the output signals for each filter on the nonlinear branch as
yFLj [n] = gnT wFLj,n−1 , for j = 1, 2, the output of the blockbased combination on the nonlinear branch can be written as
yFL [n] =

M
i −1
X
i=0

LFL
X

(iL +l)

FL
λFL,l [n] gn(iLFL +l)T wFL1,n−1

l=1

(iL +l)

FL
+ (1 − λFL,l [n]) gn(iLFL +l)T wFL2,n−1



5. EXPERIMENTAL RESULTS

(10)

(11)

The performance of the proposed block-based combined
scheme is assessed in an NAEC scenario characterized by
a sparse AIR between the loudspeaker and the microphone,
sampled at 8 kHz and truncated after M = 512 samples. The
system to be identified is a Hammerstein scheme composed
of a nonlinear block followed by a linear one. In order to
simulate an asymmetric loudspeaker distortion, the nonlinear
block applies a memoryless sigmoidal nonlinearity [11] to
the input signal x [n]:


1
1
(15)
−
y [n] = ζ
2
1 + e(−ηz[n])
where:

3
3
x [n] − x2 [n] .
(16)
2
10
In (15), the parameter ζ is the sigmoid gain and it is set equal
to ζ = 2, while η represents the sigmoid slope, chosen as:

4, z [n] > 0
.
(17)
η=
1
2 , z [n] ≤ 0
z [n] =

The resulting signal y [n] is then convolved by the AIR. Additive Gaussian noise is added to provide 30 dB of signal-tonoise ratio (SNR), thus yielding the desired signal d [n].
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Fig. 4. Performance behavior in terms of the ERLE in case of
colored noise as input.

Fig. 5. Performance behavior in terms of the ERLE in case of
female speech as input.

We first consider a colored noise as input signal x [n], generated by means of √
a first-order autoregressive
model, whose

transfer function is 1 − θ2 / 1 − θz −1 , with θ = 0.8, fed
with an i.i.d. Gaussian random process. The length of this experiment is 40 seconds. In order to evaluate the effectiveness
of the proposed scheme in changing environments, we introduce abrupt changes for both the linear and nonlinear modeling. In particular, after 10 seconds from the start, an echo path
change is simulated by shifting the AIR circularly to the right
by 20 samples. Then, at the 20-th second, we also introduce
a change in the nonlinearity by setting η = 5/2 for z [n] ≤ 0
in eq. (17). Another change of the AIR is then introduced,
similarly to the first path change, at the 30-th second.
We compare the performance of the proposed algorithm
with an IPNLMS algorithm, which is completely linear, an
SFLAF architecture with an IPNLMS on the linear branch,
denoted as SFLAF (IPNLMS-NLMS), and an SFLAF architecture with an IPNLMS on the nonlinear branch (that is the
one proposed in [13]), denoted as SFLAF (NLMS-IPNLMS).
We use the following parameter setting: input buffer length
Mi = M , step-size parameters µL = 0.1 and µFL = 0.1, regularization parameter δ = 10−3 , and expansion order P =
10. The proportionality factors are set equal to 0 for the
non-combined architectures, while in the combined scheme
the proportionality factors represent the peculiar parameter
of each combination. As a matter of fact, in order to exploit the sparsity of both AIR and functional links, we set
ρL1 = ρFL1 = 0.9 and ρL2 = ρFL2 = −1 in order to specialize
the architecture regardless of any sparseness degree. It should
be noted that we select the value of ρL2 and ρFL2 to be exactly
equal to −1 instead of −0.9, since this leads to an NLMS
adaptation instead of an IPNLMS scheme, thus yielding similar performance with reduced computational cost. The blockbased combinations are adapted by using the same step-size
value µc = 0.5, smoothing factor γ = 0.9 and initial values

al [0] = 0 and rl [0] = 1. For the block-based combination on
the linear branch we use LL = 8 blocks yielding a block size
of NL = M/LL = 64 coefficients, while for the block-based
combination on the nonlinear branch we use a smaller number
of blocks LFL = 4, each one consisting of NFL = 2P/LFL = 5
coefficients.
Performance is evaluated in terms of echo return loss
enhancement
is defined
in dB as ERLE [n] =
 (ERLE), which


10 log10 E d2 [n] /E e2 [n] . Results in Fig. 4 show
that the proposed scheme provides superior performance than
the other filters, in particular in the convergence rate after
each change on the environment.
We also assess the effectiveness of the proposed blockbased combined scheme when the input signal is a female
speech of 10 seconds. At half of the length, we introduce
a change of both the linear and nonlinear paths. We use
the same parameter setting of the previous experiment, thus
achieving the results depicted in Fig. 5 in terms of the ERLE.
Even in this case it is evident the improvement produced by
the proposed method with respect to the other filters, reaching
gains close to 5 dBs.
6. CONCLUSIONS
In this paper, we have proposed a new nonlinear filtering
architecture that takes advantage of any sparseness degree of
both the acoustic impulse response and the functional link
expansions, specially suited for NAEC. The proposed model
is based on adaptive combinations of proportionate filters
on both the linear and the nonlinear branches, having different block-based approaches, thus yielding an improvement
of the overall modeling performance. Experimental results
have shown the effectiveness and robustness of our proposal
with both colored noise and speech as input signal. Future
research will include the combination of filters using hierarchical schemes that would further generalize this model.
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