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Abstract - This paper presents several block exact affine
projection algorithms (BEAPA) with a variable regularization
factor and/or variable step size. The performance of the
algorithms is investigated for the acoustic echo cancellation
(AEC) and noise reduction applications. It is shown that the
variable step size regularized BEAPA whose regularization factor
and variable step size are adjusted according to the square of a
time-averaging estimate of the autocorrelation of a priori and a
posteriori errors is a possible choice for AEC and noise reduction
systems.
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I.

INTRODUCTION

The echo cancellation application is an important system
identification problem, where an adaptive filter is used to
identify an echo path [1]. The affine projection algorithm
(APA) [2] and its fast affine projection (FAP) versions, e.g.,
[3-5], were found to be very attractive choices for AEC
applications. They offer a superior convergence rate as
compared to the normalized least mean square (NLMS)
algorithm, especially for speech signals. The performance of
APA is governed by many parameters and it can be improved
by varying the step-size [6-8], the regularization factor [9-10],
the projection order [12-13] etc. All these parameters have to
be chosen based on a compromise between fast convergence
rate and good tracking capabilities on the one hand, and low
misalignment on the other hand. In [14-15], nonparametric
variable step size (NVSS) NLMS algorithms were proposed.
Recently, variable weight updating versions were proposed for
APA [16] and proportionate APA [17]. An interesting
alternative to variable step size (VSS) versions is the variable
regularization (VR) versions of APA [10] or the proportionate
APA [11]. The regularization matrix for the VR-APA is
obtained by imposing the L2-norm of the a posteriori error
vector to be equal with the system noise vector [10]. In [18] a
fast block exact frequency domain version of the affine
projection algorithm was derived, termed Block Exact APA
(BEAPA). It was shown that BEAPA has a complexity that is
comparable to that of Block Exact FAP (BEFAP) proposed in
[19].

In this paper, we propose to combine VSS and VR factors in
order to obtain a new nonparametric BEAPA. Both VSS and
VR formula are obtained by taking into account the square of
the time-averaged estimation of the autocorrelation of a priori
and a posteriori errors. The same approach was used in order
to obtain the NVSS-NLMS [15], NVSS-APA [8] and
Improved Variable Forgetting Factor RLS (IVFF-RLS)
algorithms [20]. It was shown in [8] that the NVSS-APA
performance is in general inferior to that of VSS-APA [7]. The
advantage of the NVSS scheme of [15] is that it does not use
square roots operations that could be difficult to implement on
DSPs. We also assume that the filter converges to some
extent, thus obtaining new variable regularization formulas.
The regularization factor and step size are incorporated in the
block exact APA (BEAPA) and compared with the VSSBEAPA proposed in [21].
The paper is organized as follows: Section II describes the
variable step size and regularized block exact affine projection
algorithms. Simulation results that compare the proposed
algorithm with other algorithms are presented in Section III.
Finally, the conclusions are presented in Section IV.
II.

PROPOSED ALGORITHMS

An unknown system may be identified by using an adaptive
filter and both systems have finite impulse responses, defined
by the real-valued vectors h = [h0 h1 … hN – 1]T and ĥ(n) =
[ĥ0(n) ĥ1(n) … ĥL – 1(n)]T, where superscript T denotes
transposition and n is the time index; N is the length of the
echo path, while L is the length of the adaptive filter. The
signal x(n) is the far-end speech which goes through the
acoustic impulse response h, resulting in the echo signal, y(n).
This signal is picked up by the microphone together with the
noise near-end signal v(n), yielding the microphone signal
d(n). The near-end signal can contain both the background
noise, w(n), and the near-end speech, u(n).
The APA [2] is defined by the following relations:

e ( n ) = d ( n ) − XT ( n ) hˆ ( n − 1) ,

(1)

−1
hˆ ( n ) = hˆ ( n − 1) + X ( n ) ⎡⎣δ ( n ) I p + XT ( n ) X ( n ) ⎤⎦ μ ( n ) e ( n ) ,

(2)
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where δ ( n ) is the regularization factor, e(n) is the a priori
error vector d(n) = [d(n), d(n–1), …, d(n – P +1)]T is the
desired signal vector of length P, with P denoting the
projection order and μ ( n ) is the step size factor. The matrix
X(n) = [x(n), x(n – 1), …, x(n – P + 1)] is the input signal
matrix, where x(n – p) = [x(n – p), x(n – p – 1), …, x(n – p – L
+ 1)]T (with p = 0,1,…, P −1) are the input signal vectors. The
output of the adaptive filter yˆ ( n ) = xT ( n ) hˆ ( n − 1) , provides a
replica of the echo, which will be subtracted from the
microphone signal. Using the adaptive filter coefficients at
time n, the a posteriori error vector can be defined as
ε ( n ) = d ( n ) − XT ( n ) hˆ ( n ) .

(3)

In [21] a VSS scheme that considered the under-modelling
situations was adapted to an exact transposition in the
frequency domain of a block APA:
if n ≤ L
⎧μ f ,
⎪
⎪⎪
σˆ d2 ( n ) − σˆ 2yˆ ( n )
μ ( n) = ⎨
1
, otherwise
−
⎪
σˆ e ( n ) + ξ
⎪
⎪⎩

(4)

( n ) = λσˆ ( n − 1) + (1 − λ ) d ( n )

(5)

σˆ e2 ( n ) = λσˆ e2 ( n − 1) + (1 − λ ) e 2 ( n )

(6)

σˆ y2ˆ ( n ) = λσˆ y2ˆ ( n − 1) + (1 − λ ) yˆ 2 ( n )

(7)

σˆ

2

where λ is a weighting factor chosen as λ = 1 – 1/(KL), with K
> 1 and the initial values are σˆ y2ˆ ( 0 ) = 0 , σˆ e2 ( 0 ) = 0 and

σˆ d2 ( 0 ) = 0 .

The matrix-vector products of VSS-BEAPA [21] were
computed using the fast Fourier transform (FFT) as in [19].
The numerical complexity was further reduced by efficient
recursive matrix updates [21]. It is known that a gradual
adjustment of the regularization factor could improve the
convergence speed and steady-state misalignment of the affine
projection algorithms [10]. In [7] and [10] it is assumed that
the a posteriori error is equal with the noise vector and the
solution for δ ( n ) is obtained such that

{

E ε (n)

2

} = E { ν (n) }
2

(n)

≅ σˆ d2

(n)

− σˆ 2yˆ

} {

(n)

 σˆ 2

(8)

}

(n) .

Therefore the regularization factor is given by
⎧
Lσ x2σˆ ( n )
, if σ e ( n ) ≥ σˆ ( n )
⎪⎪
δ ( n ) = ⎨ σ e ( n ) − σˆ ( n ) + ξ
⎪
, otherwise
⎪⎩δ ( n − 1)

(9)

This formula implies the use of two square root operations and
corresponds to the VR-BEAPA algorithm.
The variable step size formulas from [15] and [8] were derived
by imposing the equality between the noise variance and the
square of the time-averaged estimation of the autocorrelation
of the a priori and a posteriori errors, i.e., the solution for
μ ( n ) is obtained such that [8]

{

σˆ d2 ( n ) , σˆ e2 ( n ) computed recursively as follows
2
d

we have

σˆ v2

}

{

E ε ( n) e (n) = E ν (n)

where ξ is a very small positive number used in order to avoid
division by zero, μ f is the initial step size value, σˆ d2 ( n ) and ,

2
d

{

Like in [7], we suppose that E y 2 ( n ) ≅ E yˆ 2 ( n ) , therefore

2

}

(10)

and the step size is given by
if n ≤ L
⎧μ f ,
⎪
⎪
σˆ 2 ( n )
μ ( n) = ⎨
, otherwise
⎪1− 2
σˆ e ( n ) + ξ
⎩⎪

(11)

Using a similar approach that led to NVSS-APA in [8] another
variable regularization formula can be obtained after
straightforward mathematical operations as in [10]:
⎧ Lσ 2 σˆ 2 ( n )
x
⎪⎪
, if σ e ( n ) ≥ σˆ ( n )
δ ( n ) = ⎨ σ e2 ( n ) − σˆ 2 ( n ) + ξ
⎪
, otherwise
⎪⎩δ ( n − 1)

(12)

The algorithm using the VR formula of (12) is termed NVRBEAPA. The NVR-BEAPA is square-root free algorithm
therefore it is slightly less complex than VR-BEAPA.
Intuitively, by comparing (9) and (12), we can expect that most
of the time, the regularization factor of NVR-BEAPA is
smaller than that of VR-BEAPA due to the square roots
operation at the denominator of (10). For the same reason, the
dynamic range of δ ( n ) in case of VR-BEAPA is in general

higher than that of δ ( n ) of NVR-BEAPA. It will be shown in

the next section (Fig. 1) that the steady-state and tracking
performance of both VR-BEAPA and NVR-BEAPA is inferior
to that of VSS-BEAPA. However, it is expected that a
combination of variable step size and a variable regularization
factor could lead to improvements in the steady state and
tracking behavior. Therefore, we propose another algorithm,
termed Variable Step Size Regularized BEAPA (VSSR-

BEAPA) that uses equation (11) for the step size and (12) for
the regularization factor. Its complexity is almost the same
with that of VSS-BEAPA (the square roots operations are
replaced with few multiplications).
III.

SIMULATION RESULTS

The simulations were performed in an AEC and noise
reduction in a teleconference context. The far-end signal, x(n),
is either a noise or a speech sequence. For AEC simulations an
independent white Gaussian noise signal w(n) is added to the
echo signal y(n), with different signal-to-noise ratios (SNRs).
The weighting factor λ is computed using K = 2 or K = 6 [7],
[20]. The initial regularization factor is δ = 20σx2, and ξ = 10–4.
Two echo paths with different sparseness measure were used.
The tracking ability of the algorithms is investigated by an
abrupt change of the echo path that is introduced by shifting
the impulse response to the right by 12 samples. Also, the
behavior in case of non-stationary environments is simulated
by using a variable background noise level.
In Fig. 1 the performance of VR-BEAPA, NVR-BEAPA,
VSS-BEAPA and NVSS-BEAPA are compared and the need
for a combination of a variable step size and regularization is
justified. A colored input was used as an input, the SNR =30
dB, P = 2, and a change of the echo path is simulated after 1
second. Fig. 1 shows that NVSS-BEAPA has the best tracking
performance, but also the worst steady state performance
among the considered algorithms and confirms the similar
conclusions of [8] regarding NVSS-APA. Both VR versions
have slower convergence rate, but can attain a lower steady
state misalignment than the VSS versions. Overall, the VSSBEAPA offers the best performance compromise.
Fig. 2a shows that VSSR-BEAPA has the fastest
convergence and lowest steady-state misalignment among the
considered algorithms when a speech sequence is applied with
a white noise with SNR=20 dB. The projection order is P = 4,
and μ f = 1 . Figs. 2b and 2c shows the variation in time of the
regularization

factor

and

step-size

Figure 2. The input signal is a speech sequence, P = 4, L = 300, SNR= 20 dB.
a) Misalignment of BEAPA, VSS-BEAPA, VSSR-BEAPA; b) The variable
regularization factor of VSSR-BEAPA; c) The variable step size of VSSRBEAPA.

The same behavior of the variable parameters has been
observed for different projection orders and SNR values.
In Fig. 3, the input is a speech signal, the echo path is
sparse and the background noise is variable (SNR decreases
from 25 dB to 15 dB between times 1s and 2s, otherwise is 25
dB). The projection order is P = 2, and μ f = 0.2 . It can be
seen that VSS-BEAPA attains a lower misalignment than
VSSR-BEAPA, but it has the worst tracking ability too.

respectively.

Figure 3. Misalignment of BEAPA, VSS-BEAPA, VSSR-BEAPA. The input
signal is a speech sequence, P = 2, L = 512, and variable background noise
(SNR decreases from 25 dB to 15 dB between times 1s and 2s, otherwise is 25
dB).

Figure 1. Misalignment of VR-BEAPA, NVR-BEAPA, VSS-BEAPA,
NVSS-BEAPA. The input signal is a colored noise sequence, P = 2, L = 512,
echo path changes after 5 seconds, SNR= 30 dB.

We also investigate the effectiveness of the VSSR-BEAPA in
a noise reduction application in a teleconferencing scenario
using a generalized sidelobe canceller (GSC) beamformer, as
done in [21]. The source of interest is a female speaker located

70 cm from the center of a microphone array. The adopted
microphone array is a uniform linear array (ULA) composed
of 8 omnidirectional microphones placed at a distance of 4 cm
each other. The noise source is a diffuse coloured Gaussian
noise generated by means of a first-order autoregressive
model. Noise reduction results, in terms of signal-to-noise ratio
(SNR), are collected in Table I. Although SNR output values
for VSSR-BEAPA are close to that of VSS-BEAPA, they
confirm the effectiveness of the VSSR-BEAPA even for noise
reduction applications. In particular, VSSR-BEAPA
outperforms other BEAPA-based algorithms for high noise
levels.
Algorithm

BEAPA

VSS-BEAPA

VSSR-BEAPA

30 dB

58.2

60.1

60.1

10 dB

58.0

59.9

60.0

0 dB

49.8

54.3

57.7

-5 dB

49.1

52.8

55.1

-10 dB

40.2

48.5

53.4

Input SNR

TABLE I.

NOISE REDUCTION PERFORMANCE COMPARISON IN TERMS OF
SNR VALUES IN dB.

Future work will be focused on using VSSR-BEAPA in other
application domains. Also, the possibility of a simultaneous
use of VSS and variable regularization for other AP algorithms
will be investigated.
IV.

CONCLUSIONS

In this paper, several block exact affine projection algorithms
with variable parameters that do not require additional
parameters from the acoustic environment were proposed. The
simulations proved that the VSSR-BEAPA algorithm could be
an alternative to VSS-BEAPA for AEC systems and noise
reduction application in a teleconferencing scenario.
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