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Abstract. In this paper a collaborative ﬁlter combination for time-series prediction
is considered. The basic idea is based on a convex combination of two kernel adaptive ﬁlters with different parameters. While the convergence of one ﬁlter is fast but
not accurate, the convergence of the second one is much more accurate, even if
slower. The convex combination of both ﬁlters allows to reach good performances
in terms of convergence and speed. Some experimental results on the prediction
of the Mackey-Glass time-series demonstrate the effectiveness of the proposed approach.
Keywords. Time-series prediction, Kernel adaptive ﬁlters, Collaborative ﬁltering,
Convex combination.

Introduction
Time-series prediction is a predominant application in many scientiﬁc branch, such as
engineering, statistics, environmental science and so on. In literature several solutions to
this problem are proposed: autoregressive (AR) models, autoregressive moving average
(ARMA) models, artiﬁcial neural networks (ANN), etc. When time series has a stochastic nature, nonlinear models usually work better in the prediction task with respect to the
linear ones [1,10]. ANNs are fully adopted in this way since they can be applied to complicated models being more ﬂexible and universal, and having no special requirement for
explicit underlying models.
Recently kernel adaptive ﬁlters (KAFs) have been introduced [11]. This solution is
able to simply implement a nonlinear ﬁltering. KAFs can be used in a wide range of
applications and it was shown that they entail good performances in chaotic time-series
prediction [11,14].
Some years ago a convex combination ﬁlter approach was proposed [2,3,4]. This
approach can simply solve the ambiguity on the choice of the learning rate. In fact, the
whole adaptive ﬁlter results in a combination of two single adaptive ﬁlters, the ﬁrst with a
huge learning rate and the latter with a small one. This solution overcomes the dichotomy
between speed and convergence: while the second ﬁlter provides good convergence performances, the ﬁrst one speeds up the convergence of the overall ﬁlter [3]. More recently
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Figure 1. Possible variety of signals spanned by a certain degree of nonlinearity and uncertainty a) and respective ﬁlter combination for automatic selection of the relative subsystem b)

such a combination was successfully applied to several applications, such as nonlinear
acoustic echo cancellation [5,7,6] and other signal processing problems.
The idea of ﬁlters combination is very interesting because it is possible to model a
wide range of applications [13]. In fact real-world processes comprise both linear and
nonlinear components, together with deterministic (that can be precisely described by a
set of equations) and stochastic ones. In this way, models used to describe these realworld processes can be classiﬁed with a certain degree of nonlinearity and uncertainty,
and described in a diagram (see Figure 1.a)). In literature only few cases as the linear
stochastic ARMA and chaotic models are well understood, while real-world processes
are often a combination of the previous four possibilities. In order to automatically take
into account all the previous possibilities, a possible solution is to think to a system that
automatically selects the right subsystem working on the relative quadrant (see Figure
1.b)). In this preliminary paper, we focus our attention on the use of a couple of kernel
adaptive ﬁlters, in order to exploit the beneﬁts of both the KAF and the convex combination. The adaptation of each kernel ﬁlter is performed by the classical LMS algo-
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rithm, known in this contest as Kernel LMS (KLMS) [11]. The consequent system is then
adopted in the chaotic time-series prediction problem. Something similar was proposed
in [16] adopting RBF networks. The experimental results are addressed to the short-time
prediction of the Mackey-Glass (MG) chaotic time-series.
The paper is organized as follows: Section 1 introduces the concept of kernel adaptive ﬁltering. Section 2 describes the convex combination of two adaptive ﬁlters while
Section 3 shows some experimental results. Finally Section 4 draws our conclusions.

1. Kernel Adaptive Filters
Kernel adaptive ﬁlters (KAFs) are nonlinear ﬁlters whose parameters can be adapted during the learning process [11]. Kernel adaptive ﬁlters are implemented as standard (linear) adaptive ﬁlters where input data are ﬁrst transformed into a high-dimensional feature space via a reproducing kernel. This transformation is performed directly by kernel
evaluations. The mapping into a feature space can simplify the learning task.
The main issue in this approach is how to construct this mapping, in order to
take into consideration the computational complexity and the generalization performances. This computation is evaluated through the use of kernels K(x, x ), where
T
x = [x[n − N ], . . . , x[n − 2], x[n − 1]] , N is the time delay length and x is a new
input. One of the most used kernel is the Gaussian one, deﬁned as


2
K(x, x ) = exp −γ x − x  ,

(1)

where γ is a kernel parameter that can control the smoothing ability of the kernels. The
Gaussian kernel has the universal approximating capability, is numerical stable and usually gives reasonable results [11].
The output of the i-th KAF ﬁlter is
yi [n] = μi

N


ei [j]K (x[j], x[n]) ,

(2)

j=1

where μi is the learning rate and ei [n] = d[n] − yi [n] is the error signal. The adaptation
of each kernel ﬁlter is performed by the classical LMS algorithm, known in this contest
as KLMS [11, chapter 2]. The KLMS algorithm update is computed without using the
concept of weight, like for the classical LMS algorithm [9]. Instead it is present the sum
of all past errors multiplied by the kernel evaluation of available data, as shown in eq. (2).
For the choice of the learning rate μi , can be used the same criteria applied by adaptive
ﬁltering literature [9], since it has the role of a compromise between convergence speed
and misadjustment.
The idea of the KAF is shown in Figure 2. This topology reminds us of a radial-basis
function (RBF) network [8], except that the output weights are the prediction errors and
K(·, ·) can be any Mercer kernel. In [11] it is also proven that KLMS algorithm shows
the well-required self-regularization property, so it does not need regularization.
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Figure 2. Network topology of the kernel adaptive ﬁlter (KAF)

2. Convex Combination of Kernel Adaptive Filters
Recently some interesting works have shown that some advantages can be taken from
convex combination of two or more adaptive ﬁlters, working with different parameters
and/or different learning algorithms [2,3,4]. This convex combination outperforms the
single algorithms, improving the robustness of the overall architecture. In addition, it is
well known that the combination of ﬁlters of different families of algorithms can improve
the tracking capabilities of the whole system [15].

KLMS 1

y1[n]

O

x[n]

y[n]
KLMS 2

y2 [ n ] 1  O

Figure 3. Convex combination of two adaptive KLMS ﬁlters.

As shown in Figure 3, the system output is evaluated as
y[n] = λ[n]y1 [n] + (1 − λ[n])y2 [n],

(3)

where yi [n] is the output of the i-th adaptive ﬁlter and 0 ≤ λ[n] ≤ 1 is a parameter that
selects the amount of the i-th output to the whole system output.
The adaptation of each kernel ﬁlter is then performed by eq. (2).
In order to reduce the gradient noise and to keep the mixing parameter in the range
[0, 1], the adaptation of λ[n] can be carried out through the adaptation of another parameter, a[n], related to λ[n] by the following equation:

−1
λ[n] = 1 + e−a[n]
.

(4)
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The update of a[n] is the given by:
a[n + 1] = a[n] +

μa
λ[n](1 − λ[n])e[n]ε[n],
p[n]

(5)

where ε[n] = y1 [n] − y2 [n]; the term p[n] = βp[n − 1] + (1 − β)ε2 [n] is the estimated
power of ε[n] and β is a threshold close to one [5].
3. Results
We have tested our architecture for the short-time prediction of the Mackey-Glass (MG)
chaotic time-series [12]. This time-series is derived from the following differential equation:
dx(t)
αx(t − τ )
= −βx(t) +
,
dt
1 + x(t − τ )n

(6)

with β = 0.1, α = 0.2, n = 10 and τ = 30. The eq. (6) was discretized at a sampling
period of 6 seconds and a segments of 5000 samples was generated. Then a segment of
500 samples is randomly selected from the series and used as training data, while another
100 samples are used as test data. The data can also be corrupted by additive Gaussian
noise with zero mean and standard deviation σ. As convergence criterion it is used the
Mean Square Error or MSE versus the number of iterations n, deﬁned by


(7)
MSE = E e2 [n] .
For each training sample, the weights adaptation in eq. (2) is calculated and then the
MSE is evaluated on the test set for this weight value. Hence three experimental tests are
here proposed.
A ﬁrst test is conducted on training data using a KLMS algorithm with parameters
μ1 = 0.2, μa = 0.2, γ1 = 1 while p[0] = 0.4 and β = 0.9, in conjunction with a
classical linear LMS algorithm with parameter μ2 = 0.2. The data are also corrupted
by additive Gaussian noise with zero mean and standard deviation σ = 0.01. The MSE
for this ﬁrst experimental test is reported in Figure 4 while the predicted data of the test
set is depicted in Figure 5. As we can see, the convergence of the whole output system
is faster than the single ones, while the MSE tends to settle to the lowest one. Figure 4
clearly shows that the convergence is reached in about 75 iterations. Moreover Figure 5
shows that predicted samples are very close to the original ones.
A second test is conducted on training data using two KLMS algorithms with the
same parameters μ1 = 0.2, μ2 = 0.2, μa = 0.2, γ1 = 1 and γ2 = 4, while p[0] = 0.4
and β = 0.9. The data are also corrupted by additive Gaussian noise with zero mean and
standard deviation σ = 0.04. The MSE for the second experimental test is reported in
Figure 6, while the prediction error for the test set is depicted in Figure 7. As we can
see from Figure 6, it is evident that also in this case the convergence of the whole output
system is faster than the single ones, while the MSE tends to settle to the lowest one.
Due to the higher value of additive noise, predicted samples move little from the original
ones, as shown in Figure 7.
Finally a third test is conducted using a combination of two time series of MG type,
with τ = 30 and τ = 17 (see eq. (6)), respectively. Two segments of 250 samples
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Figure 4. Mean Square Error (MSE) for the ﬁrst experimental test
Predicted samples
1.4

1.2

1

Value

0.8

0.6

0.4

0.2
Original
Predicted
0

0

10

20

30

40

50
samples

60

70

80

90

100

Figure 5. Predicted data of the test set in ﬁrst experimental test

are randomly selected from each time-series and then combined in a training vector.
Similarly it is done for the test set. The parameters are the same as the previous example,
except μ2 = 0.01 and γ2 = 8. The MSE for this experimental test is reported in Figure
8. In this third case, the MSE of the proposed system is following the lower one, even
near and after the discontinuity due to the time-series changes. Also this experimental
test conﬁrms the effectiveness of the proposed approach.

4. Conclusions
In this paper we have introduced a novel approach based on a convex combination of
kernel adaptive ﬁlters, applied to chaotic time-series prediction. The proposed approach
can take advantage from both the simplicity and regularizing properties of the KAF and
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Figure 6. Mean Square Error (MSE) for the second experimental test
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Figure 7. Predicted data of the test set in second experimental test
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Figure 8. Mean Square Error (MSE) for the third experimental test
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the robustness and fast convergence properties of convex combination of adaptive ﬁlters. The followed approach is able to successfully predict the values of the well known
Mackey-Glass chaotic time-series, measuring the performance in terms of MSE. Different experimental tests were proposed in order to validate the proposed idea.
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